Recently, the problem of energy-momentum localization has also been considered in teleparallel gravity [10] . Møller showed that a tetrad description of a gravitational field equation allows a more satisfactory treatment of the energy-momentum complex than does general relativity. Therefore, we have also applied the super-potential method by Mikhail et. al. [11] to calculate the energy of the central gravitating body. In Gen. Rel. Grav. 36, 1255 (2004 ; Vargas, using the definitions of Einstein and Landau-Lifshitz in teleparallel gravity, found that the total energy is zero in Friedmann-Robertson-Walker space-times. There are also new papers on the energy-momentum problem in teleparallel gravity. The authors obtained the same energy-momentum for different formulations in teleparallel gravity [12, 13, 14, 15] .
In order to evaluate energy and momentum components associated with two different black hole models, e.g. the electric and magnetic black holes, we use the Møller energy-momentum prescriptions both in Einstein's theory of general relativity and the teleparallel gravity. We obtain the same energy and momentum distributions in both of these different gravitation theories. The energy distribution of the electric black hole depends on the mass M and the magnetic black hole energy distribution depends on the mass M and charge Q. In the process, we notice that (a) the energy obtained in teleparallel gravity is also independent of the teleparallel dimensionless coupling parameter, which means that it is valid not only in teleparallel equivalent of general relativity but also in any teleparallel model, (b) our results also sustains the importance of the energymomentum definitions in the evaluation of the energy distribution of a given spacetime, and (c) the results obtained support the viewpoint of Lessner that the Møller energymomentum complex is a powerful concept of energy and momentum. Keywords: Møller energy; electric and magnetic black holes; teleparallel gravity.
A brief on energy and momentum prescriptions
The formulation of energy-momentum distribution was initiated by Einstein [1] . After that a large number of prescriptions of the gravitational energy, momentum and angular ‡ The paper is dedicated to the memory of a very dear friend and colleague, Mustafa Cimsit, who has passed away on 16 April 2006 as a result of a tragic car accident, while still in his early twenties and working on his Ph.D. thesis. § Corresponding author. momentum have been proposed. Some of them are coordinate-independent and others are coordinate-dependent. There lies a dispute on the importance of non-tensorial energy-momentum complexes whose physical interpretations have been questioned by a number of physicists, including Weyl, Pauli and Eddington. Also, there exists an opinion that the energy-momentum pseudotensors are not useful to find meaningful results in a given geometry. Chang, Nester and Chen [2] obtained that there exists a direct relationship between quasilocal and pseudotensor expressions, since every energy-momentum pseudotensor is associated with a legitimate Hamiltonian boundary term. Ever since the Einstein's energy-momentum complex, used for calculating energy and momentum in a general relativistic system, many attempts have been made to evaluate the energy distribution for a given space-time [3, 4, 5, 6] . Except for the Møller's definition these formulations only give meaningful results if the calculations are performed in Cartesian coordinates. Møller proposed a new expression for energymomentum complex which could be utilized to any coordinate system. Next, Lessner [7] argued that the Møller prescription is a powerful concept of energy-momentum in general relativity.
Virbhadra [8] , using the energy and momentum complexes of Einstein, Landau-Lifshitz, Papapetrou and Weinberg for a general non-static spherically symmetric metric of the Kerr-Schild class, showed that all of these energy-momentum formulations give the same energy distribution as in the Penrose energy-momentum formulation. In literature, there are several papers on the calculation of the energy-momentum distribution of the universe by using energy-momentum complexes [9] .
Black hole models to be considered
The low-energy effective theory largely resembles general relativity with some matter fields as the dilaton, axion etc [16, 17] . A main property of the low-energy theory is that there are two different frames in which the features of the space-time may look very different. These two frames are the Einstein frame and the string frame, and they are related to each other by a conformal transformation (g E µν = e −2Φ g S µν ) which involves the massless dilaton field as the conformal factor. The string sees the string metric. Many of the important symmetries of the string theory also rely on the string frame or the Einstein frame [18] .
The action integral for the Einstein-dilaton-Maxwell (EDM) theory is given as
Varying with respect to the line-element, dilaton and Maxwell fields we get the field equations for the theory given as
These equations are also the β function equations for a worldsheet sigma model obtained by imposing quantum conformal invariance and setting β functions to zero. Without the Maxwell field we have essentially a Brans-Dicke type theory [5] with Brans-Dicke parameter explicitly set ω = −1.
The electric black hole
In the string frame (in fact, the string frame is actually similar to the Brans-Dicke frame in the well-known Jordan-Brans-Dicke theory), the metric and matter fields solve the dilaton-Maxwell-Einstein field equations given above to yield the electric black hole is given as
and
Here, M is mass of teh electric black hole. The geometry has a horizon at r = 2M and a singularity at r = 0.
For the metric describing the electric black hole, the non-vanishing components of the Einstein tensor G µν (≡ 8πT µν , where T µν is the energy-momentum tensor for the matter field described by a perfect fluid of density ρ and pressure p) are
Next, for the space-time of electric black hole (EBH), g µν is defined by
and its inverse g µν is
The magnetic black hole
In the string frame, the dual solution known as the magnetic black hole is obtained by multiplying the electric metric in the Einstein frame by a factor e −2φ (here note the sign of φ). In a more generalized sense this is the S-duality transformation which changes φ → −φ and thereby inverts the strength of the string coupling. Also, recall that the magnetic and electric solutions are the same if one looks from the Einstein frame. Therefore, the magnetic black hole metric is given by
Here, M and Q are mass and charge of the magnetic black hole, respectively. For this black hole model, the non-vanishing components of the Einstein tensor G µν are
And the metric tensor g µν of the magnetic black hole (MBH) is defined by
We think that the other important and challenging problems related to these black hole solutions are those of their energy distributions. We consider that a good manner to evaluate the energy associated with a black hole solution in string theory in the one which used the Møller energy and momentum prescription. This is because of the above mentioned important results obtained in the Møller complex and, also of the Lessner [7] opinion and Cooperstock's very important hypothesis [19] .
Calculation of gravitational energy-momentum
The aim of this section is to evaluate the energy and momentum distributions associated with the electric and magnetic black holes, using the Møller prescription in general relativity and teleparallel gravity, respectively.
Energy-momentum in Einstein's theory of general relativity
In general relativity, the definition of the energy-momentum complex is given as [6] 
satisfying the local conservation laws, ∂Ω ν µ ∂x ν = 0
where, the antisymmetric super-potential χ να µ is
The locally conserved energy-momentum complex Ω ν µ contains contributions from the matter, non-gravitational and gravitational fields. Ω 0 0 is the energy density and Ω 0 a are the momentum density components. The momentum four-vector definition of Møller is given by
Using Gauss's theorem, this definition transforms into
where, µ a (where a = 1, 2, 3) is the outward unit normal vector over the infinitesimal surface element dS. P i give momentum components P 1 , P 2 , P 3 , and P 0 gives the energy. The required non-zero components of the super-potential of Møller, for the electric and magnetic black holes, respectively, are
By substituting these super-potentials given above into equation (17), one gets the following energy distributions:
while the momentum density distributions take the form
EBH Ω 0 2 = 0, M BH Ω 0 2 = 0,
Therefore, if we substitute these results into equation (20), we get the energy distributions of the EBH and MBH that are contained in a sphere of radius r
which are also the energy (mass) of the gravitational field that a neutral particle experiences at a finite distance r. Additionally, we find that the momentum components are − → P EBH = 0,
Møller's energy-momentum in teleparallel gravity
Møller modified general relativity by constructing a new field theory in teleparallel space. The aim of this theory was to overcome the problem of the energy-momentum complex that appears in Riemannian space [20] . The field equations in this new theory were derived from a Lagrangian which is not invariant under local tetrad rotation. Saez [21] generalized Møller theory into a scalar tetrad theory of gravitation. Meyer [22] showed that Møller theory is a special case of Poincare gauge theory [23, 24] . In teleparallel gravity, the super-potential of Møller is given by Mikhail et al. [11] as
where, ξ αβµ = h iα h i β;µ is the con-torsion tensor and h µ i is the tetrad field, and defined uniquely by g αβ = h α i h β j η ij (here η ij is the Minkowski space-time). κ is the Einstein constant and λ is free-dimensionless coupling parameter of teleparallel gravity. For the teleparallel equivalent of general relativity there is a specific choice of this constant.
Φ µ is the basic vector field given by
and P τ νβ χρσ can be found by
with g νβ ρσ being a tensor defined by
The energy-momentum density is defined by
where comma denotes ordinary differentiation. The energy is expressed by the surface integral
where η ζ (with ζ = 1, 2, 3) is the unit three-vector normal to surface element dS.
The general form of the tetrad, h µ i , having spherical symmetry was given by Robertson [25] . In the Cartesian form, it can be written as
where W, K, Z, H, S, and G are functions of t and r = √ x a x a , and the zeroth vector h µ 0 has the factor i 2 = −1 to preserve Lorentz signature and the tetrad of Minkowski space-time is h µ a = diag(i, δ α a ) where (a=1,2,3). Using the general coordinate transformation
where {X µ } and X ν ′ are, respectively, the isotropic and Schwarzschild coordinates (t, r, θ, φ). In the spherical, static and isotropic coordinate system X 1 = r sin θ cos φ, X 2 = r sin θ sin φ, X 3 = r cos θ, we obtain the tetrad components as
where, i 2 = −1. Here, we have introduced the following notation: sθ = sin θ, cθ = cos θ, sφ = sin φ and cφ = cos φ.
To find the super-potential of Møller, first we should calculate the required nonvanishing basic vector field Φ µ and con-torsion tensor ξ αβµ . After making some calculations [26, 27] , the required non-vanishing components of ξ αβµ and Φ µ are found as
Next, substituting these results into eqn. (33), we obtain the non-vanishing required Møller's super-potentials Σ νβ µ as following
Using above results in the energy integral (38), we find the following energies for the EBH and MBH, respectively.
and the momentum components are
Final comments
In this paper, we evaluated the energy and momentum distributions (due to matter and fields including gravitation) associated with the electric and magnetic black hole using Møller's energy-momentum complexes in general relativity and teleparallel gravity. The energy distribution of the electric black hole depends on the mass M and the magnetic black hole energy distribution depends on the mass M and charge Q.We obtain the same energy and momentum distributions in both of these different gravitation theories. Both in Einstein's theory of general relativity and teleparallel gravity we find the following energy and momentum components for the electric and magnetic black holes.
In some special cases, electric and magnetic black holes are reduced to the well-known space-times whose energies have been already calculated.
The electric black hole, 1. The electric black hole is easily reduced to the flat Minkowski space-time in the limiting of M → 0 (or without mass) and transforming the line element (5) to t, x, y, z coordinates according to x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ. From Eq. (69), the total energy becomes
Such a result has been expected, for in the Minkowski space-time, there is nothing that contributes to the energy distribution.
2. The other limit is the r → ∞ (large distances). This limit yields the energy distribution as lim r→∞ E EBH = M.
(74)
3. The last limit is α → 0. In this limit, the line element (5) describes the Schwarzschild space-time and the energy distribution is found as
It depends on the mass of black hole.
The Magnetic Black Hole 1. Taking the limit Q → 0 , the magnetic black hole is reduced to the Schwarzschild space-time and the energy distribution is obtained
2. The other limit is the r → ∞ (large distances). This limit yields the energy distribution as
3. Taking Q → 0 and M → 0 limits and transforming the magnetic black hole's line element to t, x, y, z coordinates according to x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ, it is reduced to the flat Minkowski space-time model and the energy distribution is found as
From these results, one can easily see that the results are independent of teleparallel dimensionless coupling parameter λ. Hence we can say that these results are valid not only in teleparallel equivalent of general relativity but also in any teleparallel model. Furthermore, our results supports the viewpoint of Lessner that the Møller energy-momentum formulation is powerful concept to calculate energry and momentum distributions associated with the universe, and also sustains the importance of the energy-momentum definitions in the evaluation of the energy-momentum distribution of a given space-time.
